The set of left factors of any infinite word generated by an iterated morphism is shown to be the complement of a one-counter context-free language. This is used to solve a problem stated by Main, Bucher and Haussler (1985) .
Introduction
Recently, Main [3] and Main, Bucher and Haussler [4] disproved quite a lot of conjectures about various classes of context-free languages by showing that the complement of the set of left factors of the Thue-Morse sequence and of other related infinite words is context-free. The aim of this article is to extend the latter result by showing, with almost the same proof technique, that, for any iterated morphism, the complement of the set of left factors of an infinite word it generates is context-free. It appears in the construction that the language is even one-counter (in the sense of Greibach [2] ).
Notation
Let A be an alphabet. A morphism h : A* ~ A* is prolongeable in a E A if h(a)= au for some nonempty word u. In this case, each hn(a) is a left factor of h"+l(a). If the lengths of these words are unbounded, then the morphism h defines an infinite word x = aoal.., a.... Since h(x) = x, each h(a0al.., a n) is a left factor of x. More precisely, x is defined inductively as follows:
(1) a 0 = a, In the second phase, the PDA remenbers b~ and then reads input letters, one for each mark in the stack. If there are not enough letters to empty the stack, the computation fails. Otherwise, the process stops when the bottom symbol is encountered. It is easily seen that, at this stage, the total number of input letters read is Ih(bobl---bi-1) lNow the final test starts. Remembering that the guessed letter is b~, the PDA reads available input, at most ]h(bi) I letters, and checks that the word read is not a left factor of h(b~). In this case, the word is accepted and the computation halts.
It is clear that for a word in F there is no accepting computation. Conversely, if a word w is not in F, then either it does not start with a 0, or there is a longest word u such that u and h(u) are left factors of both w and x. But then, setting w = a0al...atw' and u = a0al...a s , the PDA will accept w when guessing the letter a s÷m. This completes the proof of the Theorem. []
An application to permutation-free words
An abelian square (or permuted square) is a nonempty word of the form xy where x and y are equal up to the order of the letters. A word is
permutation-free if none of its factors is an abelian
square. An infinite permutation-free word over a five-letter alphabet is given by Pleasants [5] , no such word exists for three letters, and the question for four letters remains open. Main, Bucher and Haussler ask whether there is any context-free language with an infinite, permutation-free complement. We give a positive answer to this question.
Corollary. There exists a context-free language over a five-letter alphabet with an infinite, permutationfree complement. Remark. A counting argument easily shows that there exist infinite words x such that the language L(x) = (w Iw is not a left factor of x} is not context-free. The following explicit example is from Grazon [1] . For the infinite word x = a2ba2-b.., a 2''' 'b .... the language L(x) is not context-free. The proof is difficult because of the quite remarkable observation, also due to Grazon [1] , stating that any language of the form L(x) satisfies Ogden's iteration lemma for context-free languages.
